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Edge Coloring

Given: Graph G = (V,E)
Goal: Color edges with few colors
Constraint: No two incident edges get the same color

4 colors?
Optimal?

∆ ∶= maxv∈V deg(v)
Claim: #Colors ≥ ∆

Theorem: #Colors ≤ ∆ + 1
[Vizing 1964]

∆ = 4
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Edge Coloring Algorithms

Many algorithms computing (∆ + 1)-edge-colorings

NP-Hard to ∆-edge-color.

Many algorithms computing ∆-edge-color in bipartite graphs

Studied in various computational models:

[Vizing’64, …, Assadi/Behnezhad/Bhattacharya/Costa/Solomon/Zhang’25]

[Holyer’81]

[Cole/Hopcroft’82,Cole/Ost/Schirra’01,Alon’03,Goel/Kapralov/Khanna’13,…]

Distributed [PanconesiSrinivasan’97,DubhashiGrablePanconessi’98,…]
PRAM [LevPippengerValiant’81,…]
NC & RNC [KarloffShmoys’87, MotwaniNaorNaor’94,…]
Dynamic [Bhattacharya/Chakrabarty/Henzinger/Nanongkai’18,…]
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Online Edge Coloring

Online: Graph revealed over time. Max-degree ∆ known.
Task: Color edge irrevocably when it is revealed.

How many colors do we need? Still ≈ ∆?

Variants:
Vertex or Edge arrivals
Adversarial or Random order
Deterministic or Randomized
Bipartite or General graphs

OfflineOnline
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Warm-up: Greedy Algorithm

Greedy: Color edge with “lowest” avaliable color.
Colors = {1, 2, 3, . . .}

e

≤ ∆ − 1 ≤ ∆ − 1

Claim: ≤ 2(∆ − 1) blocked colors

Claim: Greedy uses ≤ 2∆ − 1 colors



Can we do better?
Can we beat 2∆ − 1 colors?



Can we do better?
Can we beat 2∆ − 1 colors?

NO!



⋅

Lower Bound

Theorem: No online algorithm can (2∆ − 2)-edge-color every graph.
[Bar-Noy/Motwani/Naor 1992]



⋅

Lower Bound

Theorem: No online algorithm can (2∆ − 2)-edge-color every graph.
[Bar-Noy/Motwani/Naor 1992]

…

Idea: Create lots of (∆ − 1)-stars



⋅

Lower Bound

Theorem: No online algorithm can (2∆ − 2)-edge-color every graph.
[Bar-Noy/Motwani/Naor 1992]

…

Idea: Create lots of (∆ − 1)-stars

Eventually have ∆ stars colored the same (pigeonhole principle)



⋅

Lower Bound

Theorem: No online algorithm can (2∆ − 2)-edge-color every graph.
[Bar-Noy/Motwani/Naor 1992]

…

Idea: Create lots of (∆ − 1)-stars

Need ∆ + (∆ − 1) = 2∆ − 1 colors

Eventually have ∆ stars colored the same (pigeonhole principle)



⋅

Lower Bound

Theorem: No online algorithm can (2∆ − 2)-edge-color every graph.
[Bar-Noy/Motwani/Naor 1992]

…

Idea: Create lots of (∆ − 1)-stars

Need ∆ + (∆ − 1) = 2∆ − 1 colors

Eventually have ∆ stars colored the same (pigeonhole principle)



Can we do better?
Can we beat 2∆ − 1 colors?

NO!



Can we do better?
Can we beat 2∆ − 1 colors?

NO!
Silver Lining: LB requires ∆ ⋅ (2∆−2

∆−1
) ≈ 4

∆ stars, that is ∆ = O(log n)



Can we do better?
Can we beat 2∆ − 1 colors?

NO!

Can we do better when ∆ = ω(log n)?Silver Lining: LB requires ∆ ⋅ (2∆−2
∆−1

) ≈ 4
∆ stars, that is ∆ = O(log n)



Can we do better?
Can we beat 2∆ − 1 colors?

NO!

Can we do better when ∆ = ω(log n)?Silver Lining: LB requires ∆ ⋅ (2∆−2
∆−1

) ≈ 4
∆ stars, that is ∆ = O(log n)

YES :)
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Progress

Conjecture: (1 + o(1))∆ colors possible when ∆ = ω(log n).
[Bar-Noy/Motwani/Naor 1992]Theorem: [B./Svensson/Vintan/Wajc’24]

Randomized!
“…less plausible in the deterministic case…”
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Can we do better?
Can we beat 2∆ − 1 colors?

NO!
Can we do better when ∆ = ω(log n)?

YES ≈ ∆ colors (randomized)
What about deterministic?
This talk: ≈ 1.58∆ colors
(one-sided vertex arrivals bipartite graphs)

News: ≈ ∆ colors, edge arrivals
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Technical Part — Outline

Deterministic ⟺ Randomized vs Adaptive Adversary

Simple Randomized Algorithm

Analyzis via Martingales
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Adversaries

Oblivious Adaptive

Fixes graph and
arrival order in advance

1

2

1

2

Generates graph adaptively based
on algorithms decisions/randomness

E.g.: “I will connect to two vertices
where purple is taken”

Randomness does not help against Adaptive adversary!
∃ randomized online algorithm against adaptive adversary

⟹ ∃ determinstic online algorithm

one (unknown) future many (≫ n
∆) possible futures

[BDBK+94]
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Goal: Use ∆ colors to reduce max-degree to ∆/e.
∆ +∆/e +∆/e2 . . . = e

e−1
∆ ≈ 1.58∆
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A Simple Algorithm?

OfflineOnline

{ orange purple green }
{ orange purple green }
{ orange purple green }
{ orange purple green }
{ orange purple green }
{ orange purple green }

Each offline node has a palette of avaliable colors

Goal: Use ∆ colors to reduce max-degree to ∆/e.

Algo: offline node picks at random an available color
Problem: what if two picks the same color?

Solution: leave one uncolored “CRS” for tie-breaking

load of color c:
E[times picked]

= ∑
u∈N(v) 1[c free at u]

#colors free at u

v If load ≤ 1 for all c:
Pr[e uncolored] ≤ 1

e
]
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Random Walks

load of color c for arrival (v,N(v))
E[times picked]
= ∑

u∈N(v) 1[c free at u]
#colors free at u

v
N(v)

Z
(t)
U,c = ∑

u∈U

1[c free at u]
#colors free at u

Z
(t)
U,C = ∑c∈C ∑

u∈U

1[c free at u]
#colors free at u

Martingales!

Z
(0)
UC

Z
(t)
UC

Useful for controllingcorrelations & adaptive adversary
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Z
(t)
UC
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Freedmans Inequality:

• Martingale E[Zt+1 − Zt ∣ Z1, Z2, . . . , Zt] = 0

• Step size ∣Zt+1 − Zt∣ ≤ A
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Martingale Process

Z
(0)
UC

Z
(t)
UC

(If no correlations: Chernoff bound)
Freedmans Inequality:

• Martingale E[Zt+1 − Zt ∣ Z1, Z2, . . . , Zt] = 0

• Step size ∣Zt+1 − Zt∣ ≤ A

• Observed variance ∑t E [(Zt+1 − Zt)2 ∣ Z1, . . . , Zt] ≤ σ
2

⟹ Pr [∣Zt − Z0∣ ≥ ε] ≤ 2 exp (− ε
2

2(σ2+Aε/3))
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Summary

Theorem:
Deterministic online ≈ e

e−1
∆-edge-coloring algorithm

when ∆ = ω(log n), for one-sided vertex arrivals in bip. graphs

For low-deg graphs (2∆ − 1)-edge-coloring is optimal.
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Open Problems

Use ≈ ∆ colors, edge arrivals, deterministic?

Thanks!

no longer open :)

Other Models?
Distributed
Dynamic
Streaming

Multigraphs, Hypergraphs, …


